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The main problem is the following conjecture of Bezrukavnikov, which relates two series of operations
BI1 , BI2 , and their indicator functions DI1 , DI2 , on partitions.
This problem comes from an ongoing project of Bezrukavnikov and Okounkov, where they extend the
method of relating the representation of the Lie algebra of a semi-simple algebraic group and the generalized
Springer fiber in [BMR08] to representation of symplectic reflection algebras in type A, which is closely
related to the quantum cohomology of the Hilbert scheme in [OP10]. Here we only consider the relevant
combinatorics.
S
Let Pn denote the collection of all integer partitions of n, and let P = n≥0 Pn . For any partition λ ` n,
|λ| = n denotes its size, and λT denotes its transpose (or conjugate).
For a fixed positive integer n, the Farey sequence Fn is the set of reduced fractions 0 ≤ ab ≤ 1 with
denominator at most n. Each ab ∈ Fn is called a wall. Let I be the set of sub-intervals of [0, 1] whose
endpoints are consecutive walls.
1
Definition 0.1. We define a collection of maps BI1 : Pn → Pn inductively as follows. First define B[0,
1 to
]
n
h
i
ai−1 ai
1
be the identity map. Suppose we have defined BI for I = bi−1 , bi ∈ I, and suppose we have the unique

decomposition BI1 (λ) = µ ∪ bi ν, where µ consists of the parts of λ not divisible by bhi , bi ν = i(bi ν1 , . . .) and ∪
i+1
denotes the union of partitions as multi-sets. Then for the adjacent interval I 0 = abii , abi+1
∈ I, we define
BI10 (λ) = µ ∪ bi (ν T )

and

DI1 (λ) = bi · |ν|.

The second series of operations, which are more convoluted, are compositions of the extended Mullineux
transpose Wb : P → P.
Let mi = mi (λ) denote the multiplicity of the part i in the partition λ, so λ = 1m1 2m2 · · · . For a fixed
positive integer b, we can uniquely decompose each mi = bqi + ri for some positive integers qi , ri such that
0 ≤ ri < b. The regular part of λ is Regb (λ) = 1r1 2r2 . . . and the irregular part of λ is Irrb (λ) = (1q1 2q2 . . .).
Hence λ = Regb (λ) ∪ b ? Irrb (λ) where the operator b? indicates repeating each part of the partition b times.
λ is called b-regular if Irrb (λ) = ∅.
It is well-known that any irreducible p-modular representation ρ = ρλ of the symmetric group Sn
are labeled uniquely by some p-regular partition λ ` n. The Mullineux Involution Mp is defined by
ρλMp = ρλ ⊗ sgn where sgn is the sign representation. There are a few combinatorial ways to extend the
definition to p being not necessarily prime, see [Kle96, FK97] for details.
The extended Mullineux transpose transformation Wb : P → P is defined to be
T
λWb := Regb (λ)Mb ∪ b ? (Irrb (λ)T ) .
In particular, if λ is b-regular, then λWb = (λMb )T .
2
Definition 0.2. We define a collection of maps BI2 : Pn → Pn inductively as follows. First define B[0,
1
]
n
h
i
ai−1 ai
2
to be the identity map. Suppose we have defined BI for I = bi−1 , bi ∈ I. Then for the adjacent interval
h
i
i+1
I 0 = abii , abi+1
∈ I, we define

BI20 (λ) = BI2 (λ)Wbi

DI2 (λ) = bi · | Irrbi (BI2 (λ))|.

and

Conjecture 0.3 (Bezrukavnikov). For every partition λ ` n and I ∈ I, there is DI1 (λ) = DI2 (λT ).
Example 0.4. We give the example of λ = (3, 2) in the following table.
1

2

Interval

[0, 15 ]

[ 51 , 14 ]

[ 41 , 13 ] [ 31 , 25 ]

[ 25 , 12 ]

[ 12 , 35 ]

[ 35 , 23 ]

[ 32 , 34 ] [ 34 , 45 ] [ 45 , 1]

BI1

(3, 2)

(3, 2)

(3, 2) (3, 2)

(3, 2)

(3, 2)

(3, 2)

(3, 2) (3, 2) (3, 2)

DI1

0

0

2

0

3

BI2
DI2

(22 , 1) (22 , 1)
0

0

3
(15 )
3

0

(4, 1) (3, 12 ) (3, 12 ) (2, 13 )
0

2

0

3

0
(5)
0

0

-

(3, 2) (3, 2)
0

-

This big conjecture, still unsolved, has been studied in the following aspects:
(1) In [DY18], the second algorithm is shown to be identical to a series of generalized column regularizations when starting at the one-row partition (n). There are other nice properties when starting
at (n): they always stay regular at each step, the quotients are always rectangles and the sequence
of partitions is monotone. This result doesn’t give much information for the numerical function
DI2 ((n)) = 0 since DI1 ((1n )) = 0 for all I as well. However, one observation is that when starting
at other partitions, the resulting series is piecewise monotone, and the breaks are exactly those
endpoints of I when DI2 6= 0. So we need to study where those breaks are and between the breaks,
whether we could still simplify the complicated wall-crossing (i.e. extended Mullineux transpose)
as column regularization.
(2) Since the Mullineux map is very complicated in terms of combinatorics, the preprint [WY18] studies
the condition under which one can use the two parameter column regularization Colrega,b to replace
it. The conditions for λMb T = λColrega,b are precisely the following:
• λColrega,b ∈ P;
• Let li,j , ai,j , Hi,j be the leg length, arm length, hook length for the box (i, j). For every (i, j) ∈ λ
satisfying b | Hij , we have the following inequality (we call such a partition (a, b)-shallow):


b
− 1 lij < aij + 1
a
There are a few related questions:
(1) The precise definition of the two-parameter column regularization Colrega,b is given in [WY18].
Since λ is b-regular iff λColreg1,b = λ, we could try to enumerate the (a, b)-regular partitions, i.e. λ
satisfying λColrega,b = λ. For example, is there a nice generating function for (a, b)-regular partitions?
(2) If λMb T = λColrega,b , is λ always (a, b)-shallow? This is the reverse direction of the result in [WY18].
[BOX99] proved this in case of a = 1.
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